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Abstract 


Let G be a finitely generated gronp eqnipped with a finite symmetric 
generating set and the associated word length fnnction | ■ | ■ We stndy the 
behavior of the probability of return for random walks driven by sym¬ 
metric measures jj, that are such that p{\x\)fi{x) < oo for increasing 
regularly varying or slowly varying functions p, for instance, s i—>■ (l-|-s)“, 
a € (0, 2], or s (1 -I- log(l -|- s))", e > 0. For this purpose we develop 
new relations between the isoperimetric profiles associated with different 
symmetric probability measures. These techniques allow us to obtain a 
sharp L^-version of Erschler’s inequality concerning the Fplner functions 
of wreath products. Examples and assorted applications are included. 

1 Introduction 

Let G be a finitely generated group. The following notation will be used 
throughout this work. Let S = (si,..., Sfc) be a fixed generating fc-tuple and 
S* = {e, sR, • • • , sR} be the associated symmetric generating set. Let | • | he 
the associated word-length so that \g\ is the least m such that g = ai.. .am 
with ai G S* (and the convention that |e| = 0, where e is the identity element 
in G). Let B{r) = {g G G : \g\ < r} and let V be the associated volume growth 
function defined by 


L(r) = \{g GG : \g\ < r}| 


where |n| = is the number of elements in 17 C G. For r > 1, let be the 
uniform probability measure on B{r) and set u = Ui, that is, 



( 1 . 1 ) 
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Given two functions /i, /2 taking real values but defined on an arbitrary 
domain (not necessarily a subset of R), we write / x g to signify that there 
are constants ci,C2 € ( 0 , oo) such that Ci/i < /2 < C2/1. Given two mono¬ 
tone real functions /i,/2, write fi ~ /2 if there exists Ci € ( 0 ,oo) such that 
ci/i(c2t) < f2(i) < C3fi(c4t) on the domain of definition of /i,/2 (usually, 
fi ! /2 will be defined on a neighborhood of 0 or infinity and tend to 0 or infinity 
at either 0 or infinity. In some cases, one or both functions are defined only 
on a countable set such as N). We denote the associated order by <. Note 
that the equivalence relation ~ distinguishes between power functions of differ¬ 
ent degrees and between stretched exponentials exp(—of different exponent 
a > 0 but does not distinguishes between different rates of exponential growth 
or decay (e.g., 2 "’ ~ 5 "). It is not hard to verify that the volume growth func¬ 
tions associated with two finite symmetric generating sets of a given group G 
are ^-equivalent. 

Given an arbitrary probability measure (j) on a group G, we let (S'„)g° denote 
the trajectory of the random walk driven by (j) (often started at the identity 
element e). We let be the associated measure on with So = e and 
the corresponding expectation EJ(F) = F{uj)dP^{u}). In particular, 

P^iSu = x)= E^(l,(5(n))) = <^(”)(x). 

1.1 The random walk invariants $g,p $g,p 

In pi], it is proved that, for any finitely generated group G, there exists a 
function : N —)► ( 0 ,oo) such that, if /i is a symmetric probability measure 
with generating support and finite second moment, that is |gp/r(g) < 00, 
then 

^( 2 r!.)(g) ^ $( 5 (n). 

Further, m proves that <I>g is an invariant of quasi-isometry. Throughout this 
paper and referring to definition dm, we will use n 1—>■ u("’)(e) as our favorite 
representative for < 1 >g. 

In [ 3 ], A. Bendikov and the first author considered the question of finding 
lower bounds for the probability of return (e) when fi is symmetric and is 
only known to have a finite moment of some given exponent lower than 2 . Very 
generally, let p : [ 0 , 00) —>■ [ 1 , 00) be given. We say that a measure p, has finite 
p-moment if ^ p{\g\)p{g) < 00. We say that p has hnite weak-p-moment if 

W{p,p) := snp{sp{{g : p(|p|) > s})} < 00. ( 1 . 2 ) 

s>0 

Definition 1.1 (Fastest decay under p-moment). Let G be a countable group. 
Fix a function p : [ 0 ,00) —>■ [ 1 , 00). Let Sc,p be the set of all symmetric proba¬ 
bility 0 on G with the properties that PildD^'ig) ^ 2 p( 0 ). Set 

l>G,p : n ^>G.p(^^) = inf (e) : (f) S 5 g,p| . 
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In words, $G,p provides the best lower bound valid for all convolution powers 
of probability measures in Sg,p- The following variant deals with finite weak- 
moments and will be key for our purpose. 

Definition 1.2 (Fastest decay under weak-p-moment). Let G be a countable 
group. Fix a function p : [0,oo) —>■ [l,oo). Let Sa^p be the set of all symmetric 
probability cj) on G with the properties that W{p, p) < 2p(0). Set 

^G,p ■ n $g.p(?t-) = inf : (p G 5g.p} ■ 

Remark 1.3. Assume that p has the property that p{x + y) < C(p(x) + p(,y))- 
Under this natural condition [31 Cor 2.3] shows that $G,p and $g.p stay strictly 
positive. Further, [3] Prop 2.4] shows that, for any symmetric probability mea¬ 
sure p on G such that p{\g\)p{g) < oo (resp. W{p,p) < oo), there exist 
constants ci, C 2 (depending on p) such that 

^(2")(g) > ci$G.p(C2n) 

(resp. /r(^"i(e) > ci$G,p(c 2 n)). This makes it very natural to consider not 
the functions 4>G,p and $g,p themselves but their equivalence classes under the 
equivalence relation ~. 

Remark 1.4. The reader may wonder why we are considering the weak-moment 
variant p. The reason is that it appears to be the more natural version of 
the two variants. For instance, when G = Z, we do not know what the behavior 
of 4>z,p,, is for a G (0, 2) whereas it is very well known and easy to show that 
$z,p^ (n) ~ a G (0, 2). 

When pa(s) = (1 + s)“ with a > 0, the main result of [21] implies that 

$G $G,p 2 ^’G.p,, 5 g.p, for all a > 2. 

This holds even so there are great many finitely generated groups G (indeed, 
uncountably many), for which we do not know how $g behaves. For a group 
G of polynomial volume growth with V (r) ~ , we know that (see [TH [31 [33] 

and the references therein) 

^G(n) ~ ^G,pa.(n) ^ ( 0 , 2 ) 

showing that the condition a > 2 cannot be relaxed. 

Definitions II . 1IIL31 lead to the following problems. 

Problem 1.5. Let G, H be two finitely generated groups. Let p, 6 be two (nice) 
increasing functions with 0 < p. 

1. Does $G - imply $g,p - 

2. Does $G,p - ^H,p imply $G.e - 
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3. Fix a G (0,2). Is it true that $g,p„ — is equivalent to 

4. What is the behavior of 4 >g,p 2 and, more generally, of ^g,p when p is close 
to t !->■ 

In contemplating these questions, it is reasonable to make additional as¬ 
sumptions on the functions p, 0, for instance, one may want to assume that 
p, 9 are continuous increasing functions satisfying the doubling condition 3C > 
0, Vt > 0, f{2t) < Cf{t). Or one may even want to assume that p, 9 are taken 
from a given list of functions such a 


fc=i 

with oq > 0 and ai,... ,am G R (the first non-zero ai should be positive). 
Here and in the rest of this paper, log[^.] is defined inductively by log[;.] (s) = 
I -I- log(log[^_j](s)), log[j](s) = 1-1- log(l -I- s). For instance, an interesting 
restricted version of the first question is concerned with the case when p£{pa- 
aG(0,2)}. 

If G has polynomial volume growth of degree D > 0 then M — 
oG (0,2) while (mUS]) 

(n) ~ exp(-n^/(^+'^4- 

So, <I>G,a distinguishes between different degrees of growth whereas <I>G,iog«j^j does 
not (except between D — 0 and D > 0). 

From a heuristic point of view, there are reasons to believe that the slower the 
function p grows, the coarser the group invariant ^g.p is (modulo the equivalence 
relation ~). The first two questions stated in Problem ll.SI relate to this heuristic 
and ask if this conjectural picture is correct. Namely, if 0 < p, is it correct that 
the partition one obtains by considering the classes of groups sharing the same 
$g,6i are obtained by lumping together classes corresponding to <I>g,p- The 
third question in Problem 11.51 asks whether the classes of groups one obtains 
by considering $g and ^g,pc (for some/any fixed a G (0, 2)) are all exactly the 
same. 

Question 4 is technically interesting because we do not have good techniques 
to understand the subtle difference of behavior between $g.p2 and 4>g. We 
obtain a sharp answer for group of polynomial volume growth (see Corollary 
13.31) and for some wreath product (see Theorem 15.31) . 

1.2 The spectral profiles Ag and p 

Given a symmetric probability measure </>, consider the associated Dirichlet form 

x,y€G 
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and set 

AG,0(f) = A0(i>) = inf{A0(f2) : 17 C G, |0| < ti} 

where 

A^(17) = inf{£: 0 (/,/) : support(/) C 17, ||/||2 = 1}. (1.3) 

In words, A0(17) is the lowest eigenvalue of the operator of convolution by <5e — ^ 
with Dirichlet boundary condition in 17. This operator is associated with the 
discrete time Markov process corresponding to the ^-random walk killed outside 
17. The function v i—>■ ^^{v) is called the L^-isoperimetric profile or spectral 
profile of (f) (it really is an iso-volumic profile). The L^-isoperimetric profile of a 
group G is defined as the ^-equivalence class Kq of the functions associated 
to any symmetric probability measure (j) with finite generating support. In 
Secti 0 n r 2 .ll we give a short review of the well-known relations that exist between 
the behavior of n >->■ and v >->■ K^{v). It will be useful to introduce the 

following definition analogous to Definition 11.21 

Definition 1.6. Let p,Sg,p be as in Definitions \ 1. IfTT^ Set 
Ag,p(?^) = sup |a,^(i;) : (j) € 5g,p| , v > 0. 

In words, Ag,p is the extremal spectral profile under the weak p-moment 
condition. Upper bounds on Ag,p are tightly related to lower bounds on $g,p 
and vice-versa. See Section [2Tl 

The appendix provides examples of the computation A^ (and assorted L^- 
variants) for radial stable-like probability measures defined in terms of the word 
distance. 

1.3 Main results 

The goal of this work is twcTold. First, we develop a new approach to obtain 
lower bounds on 1*g,p and l*G,p. This method is simpler than the technique 
developed in [3] and is more generally applicable. In particular, the technique 
in [3] fails badly when the function p grows too slowly (e.g., logarithmically). 
In contrast, the approach developed below provides good lower bounds on $g,p 
for any increasing slowly varying function p on any group G for which one has 
a lower bound on $g. Second, we develop a method that allow us to obtain 
sharp upper bounds on ^g,p in the context of wreath products. Here, we make 
essential use of earlier work of A. Erschler [3]. Our contribution is to develop 
a technique that allows us to harvest the L^-feoperimetric results of Erschler in 
order to bound the random walk invariants d>G,p. Both goals are attained by 
focusing on the notion of isoperimetric profile (the L^-isoperimetric profile but 
also the versions, _p > 1 , especially p = 1 ). 

Our main results regarding the spectral profile A^ and the extremal profile 
Ag,p are stated in Theorems 12.1 3ll2T5l Theorem 12. 131 gives a general and easily 
applicable upper bound on in terms of Ag under weak-moment conditions 
on (f). Theorem l2. 151 gives a completely satisfactory positive answer to a spectral 
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profile version of Problem [iiri) for a large class of slowly varying functions p 
including all moment conditions of logarithm or iterated logarithm type. The 
following statement captures the nature of these results. 


Theorem 1.7. Let G he a finitely generated group equipped. Let p : [0, oo) —>■ 
[l,oo) be a continuous increasing function. The spectral profile functions Aq 
and Ac,p satisfy 


^G,p ^ Ag 



sds 

P{s)' 


Further, if p{t) ~ ^ where £ is a slowly varying function satis¬ 

fying £{t°‘) ~ £{t) for all a > 0, we have 


Ag,p — 


1 

p(1/Ag)' 


In particular, for any k>l and e > 0, ("c) — 1/log[j.] (1 /Ag). 

The second part of this theOTem indicates that, for slowly varying functions 
p of the type described above, Ac.p is determined by Aq- Given the tight con¬ 
nections between n i—>■ <fP''^\e) and v i—>■ A^{v), this means that determines 
<f>G,p under some a priori regularity conditions on these functions. 

In Section 12.31 we derive a sublinear upper bound for the entropy Hp(n) = 
SgeG(~ when the symmetric probability measure p has fi¬ 

nite p-moment and under an appropriate condition on its L^-isoperimetric pro¬ 
file which implies the following interesting result regarding the entropy and the 
the displacement Tp(n) = -1). Compare to [131 Theorem 1.4 and Conjec¬ 

ture 1.5]. 

Theorem 1.8. Let G be a finitely generated infinite group such that 


<l>G(n) > exp (—n'*') 

for some 7 S (O, i). Let p he a symmetric probability measure on G with finite 
p-moment where p > 27 /(1 — 7 ) and p > 1. Then, for any fixed e > 0, 

Hp{n) < (n(logn)^''''^) . 

7 

In particular, if p = 2, we have IIp{n) < (n(logn)^“'''^)^’^^ and 

L^{n) < n 2 (i-T) (log n) . 

The last conclusion follows from the entropy bound by [H Corollary 1.1] 
which gives the bound Tp(n) < ^/nlfijri) assuming that p is symmetric and 
has finite second moment. 

Section [3] describes applications of the specTral profile upper bound provided 
by Theorem 12.131 to the problem of bounding 4 >g,p from below. The main result 
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is Theorein l3.2l which gives sharp lower bounds on $g,p in terms of a lower bound 
on <i>G for a wide variety of weak-moment conditions. One important feature of 
this result (which distinguished it from the results obtained in [3]) is that it is 
just as effective around the critical weak-moment condition of order 2 than for 
power weak-moment conditions in the classical range (0, 2) (stable like moment- 
conditions) and for moment conditions associated with slowly varying functions 
(including positive powers of any iterated logarithms). Explicit statements are 

Section 0] is devoted to wreath products. These groups are important for 
many reasons including the fact that they provide a class of groups of exponen¬ 
tial volume growth in which a rich variety of different behaviors of occurs. 
Here, we provide sharp upper bounds on ^g,p- More generally, we provide sharp 
two-sided bounds on n i—^ (/)^^”^(e) for a wide variety of measures </> on wreath 
products and iterated wreath products. For instance, let G = Z 2 1 i? be the 
lamplighter group with the usual binary lamps over a based group H which 
has polynomial volume growth of degree D. In this simple case, we obtain the 
following estimates 



$G.p„ (n) ~ exp , a e (0, 2) 



The first and last estimates appear to be new even for i? = Z. When iJ = 
the second estimate can be derived from the celebrated Donsker-Varadhan large 
deviation theorem on the number of visited point by a random walk that belongs 
to the domain of attraction of a stable law. These results follow from the 
techniques developed in Section|3]and are part of a large collection of illustrative 
examples described in Section [5] 

A key result concerning wreath products is Erschler’s isoperimetric inequal¬ 
ity [nii2] which gives a lower bound on the Fplner function oi G = Hi I H 2 in 
terms of the Fplner functions of of Hi and H 2 . Here we use Erschler’s inequal¬ 
ity and a new comparison idea to obtain the following L^-version where 
denotes the right-continuous inverse of the L^-isoperimetric profile 

Theorem 1.9. There exists a constant K > 0 such that, for any symmetric 
probability measures plh^ and p,H 2 on two finitely generated groups Hi and H 2 , 
the switch or walk measure q = \{phi + Th-^) on the wreath product Hi I H 2 
satisfies 


AHuH 2 ,qiv) > s/K for any v < ^hI,p.h, 


In the other direction, 
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The only case where this result is far from sharp is when either Hi = {e} is 
trivial or H 2 is finite. In those cases, it is a simple matter to obtain the desired 
sharp results by different arguments. Because of the detailed relations between 
the L^-isoperimetric profile and the behavior of n 1 —>■ (see Section 

mn), the above theorem typically yields good bounds on in terms of 

bounds on n I—>■ /ip"^(e) and n 1 —>■ 


2 The isoperimetric functions > 1 

2.1 <1), A and the Nash profile 

In this section, we quickly review Coulhon’s results from which, in the present 
context, relate the behavior of n i—>■ to that of the spectral profile 

V I—>■ A^{v). We refer the reader to [S] for references to earlier related works, in 
particular, work by Grigor’yan in which the spectral profile play a key role. 

It is convenient to introduce the notion of Nash profile. Namely, define the 
Nash profile AA of a symmetric Markov generator A with associated Dirichlet 
form £a by 

J\fA{t) = sup I ■ f e Dom(fA) with 0 < ||/||^ < t||/||^ 

so that, for all / in the domain of the Dirichlet form 

\\f\\i<f^Ai\\m/\\f\\i)£A{f,f). 


For our purpose, we can restrict ourselves to the case when A is convolution by 
Se — <(', for some symmetric probability measure (j) on G. In this case, with some 
abuse of notation, £a = £<j>, Dom(£iA) = L‘^{G) and we will write for the 
Nash profile of A = — The following lemma relates the L^-isoperimetric 

profile and the Nash Profile. 

Lemma 2.1 (Folklore). For any symmetric probability measure (j) on a (count¬ 
able) group G, we have 


Vn > 0, 


1 

A^{v) 


< M4,{v) < 


2 


Proof. For any finite set D and any function / with support in £1, \\f\\i < 
|II|ll/lll- Hence,the lower bound on A/^ follows easily from the definitions of 
and A^. Conversely, the definition of A^ gives 

II/II 2 < A0(|support(/)|)"^f0(/,/). 


For any t > 0, set ft = max{/ — t, 0} and observe that, for any non-negative /, 
I/P < (/t)^ + 2t/ and £{ft,ft) < ^if, /)• H follows that, for any t and / > 0, 

||/|P<A^(|{/>0l)-'f(/,/)+2t||/||i. 
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Picking t such that 4t = H/Hi/ll/lli and using |{/ > t}| < < ^||/||i, we obtain 
||/||2<2A^(4||/||?/||/||^)-1£:(/,/). 

The upper bound on A/^ follows. □ 

Theorem 2.2 (Essentially, [SJ Proposition II.1]). We have 

(/)(2"'+^) (e) < 2'ij}{2n) 

where V’ : [ 0 , +oo) —>■ [ 1 , +oo) is defined implicitly by 

ds 

2sA^{As)' 

Proof. It is convenient to observe that 

^( 2 „+ 2 )(g) < 2 /jt(e) and hUe) < + <^( 2 ")(e) 

where 

CO 

0 

See, e.g., ES Section 3.2]. Convolution by hf defines the continuous time semi¬ 
group associated with the continuous time random walk driven by (/). Lemma 
12.II gives us the Nash inequality 

||/||i<2A^(4||/||2/||/||i)-if(/,/). 

Using this inequality in the Proof of O Proposition II.1] gives hf (e) < if(t). □ 
The following is a sort of converse of Theorem 12.21 
Theorem 2.3 ([^1 Proposition II. 2]). For v >1, 

A,M>sup|llog^}. 

Remark 2.4. Assume that tjj is a. continuous decreasing function with continuous 
derivative with the property that there exists e > such that for alH > 0 and all 
s S (t, 2f) we have 

'f{s) 

As noted in [5] and elsewhere, under this condition the functions 

X !->■ A{x) = sup I — log —I and x !->■ ——if' o if~^{x) 
t>o L 2 t xif{t) j X 

are ^-equivalent. Hence, under this regularity condition on '0, n i—>■ ^ 

is equivalent to A < A^. 
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The following lemma will be useful later. 

Lemma 2.5. Assume that > exp(—n/ 7 r(n)) where tt : (0, oo) —>■ (0,oo) 

is an increasing function satisfying nit) < ct. Then there exists A sueh that for 
all n we have 

A0(exp(An/7r(n)) < 

Proof. Let ip be defined in terms of as in Theorem 12.21 By definition and 
since A^ is a non-increasing function, we have 

log(l/^(t)) 

- 2A(1/V^(t)) 

which we rewrite as 

A.(w«)) < 

By Theorem 12.21 and the hypothesis, for A large enough, 

exp(—An/7r(n)) < ip{n). 


Hence 

A,^(exp(An/ 7 r(n))) < A^{l/ip{n)) < 

□ 

Remark 2.6. In most cases, n —>■ Anl'K(n) is invertible and the Lemma gives an 
upper-bound on A^. 

Corollary 2.7 (Folklore). Let cp be a symmetric probability measure on G. 

• If <p^'^\e) > exp(—n^). Then A^{v) < C[log(e-I- 

• //<()(")(e) > exp(—n/[logn]^). T/ien A 0 (t)) < C[log(e-f log(e-I-u))]“'''. 

2.2 The profiles 

The L^-isoperimetric profile A 2,0 = A^ is naturally related to the analogous 
L^-profile 

Ai. 0 (u) = inf I ^ X! - f{xM{y) : |support(/)| < v, ||/||i = 1 

I x,y 


Using an appropriate discrete co-area formula, Ai ^ can equivalently be defined 

by 






If we define the boundary of fl to be the set 

on = {{x,y) € G X G : X G fl,y € G\fl} 


and set <^(50) = Y.x^n,xy(^G\n^{y) then Ai,^(u) = inf{^(afl)/| 0 | : \n\ < u}. 
From these definitions and remarks, it follows that 

2 ^ 1,0 < ^ 2.0 < Ai _0 ( 2 . 2 ) 

The upper bound is very straightforward since it suffices to test the definition 
of A 2,0 on functions of the type Iq to obtain it. The lower bound is obtained 
by testing the definition of Ai_,^ on functions of the form p, / > 0 , and using 
the Cauchy-Schwarz inequality. In fact, for any p > 1, set 

^pAf) = - f{x)\P(j){y) 

x,y 

and 

AA'^) = inf ApAf) ■ |snpport(/)| < v, \\f\\p = 1} . (2.3) 

Proposition 2.8 (Folklore). For 1 < p < q < oo, we have 

c[p, < A,<P < (2-4) 

Proof. This is closely related but different from [71 Corollaire 3.2]. The inequal¬ 
ity c{p,q)K^J^ < Ag^ 0 , 1 < p < g, which is a form of Cheeger’s inequality, is 
obtained by testing Ap _0 on functions of the form / > 0, and using Holder 
inequality. The inequality < G{p, q)Ap^^ can be proved as follows. 

For any function / > 0, set fk = {f — 2^)^ A2^, k G Z. By [H Section 6 ], 
we have 

(^SpAfkA^'^ <2il+p)£p,^if). (2.5) 

This should be understood as an substitute for the co-area formula. 
Now, if we assume that |support(/)| < v, we have 

AqAv)\\fk\\l<£yAfk)- 

Noting that fk > 2^ on {/ > 2^+^} and that 0 < fk/2^ < 1, we obtain 

Aq^^{v)2A{f > 2"+'}| < 2’^^<i-PApM- 


This gives 

Kq,M2^'^+A{f > 2 '=+'}! < 2P£pM- ( 2 - 6 ) 

It is easy to check that (see, e.g., m (4.2)]) 

\\f\\P<2PY,2^>^+A{f>A+A- 

k 

Using (EH) and (1231) . this yields 


A,,4^)||/||^<2(I+p)4%,^(/) 


Optimizing over all / implies that Aq^^{v) < 2(1 + p)¥'Kp^,f,{v) as desired. 


□ 
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2.3 Entropy upper bounds using Apc upper bounds 

Given a probability measure /i on G, its entropy function is defined by 

H,{n) = J2-{log 
g&G 

See, e.g., liunmi]- Recall that u denotes the uniform probability measure 
on the symmetric generating set S* (by definition, S* contains the identity 
element). Also, consider the displacement function 

n ^ L^{n) = ^ \g\g,^'^\g). 
geG 


Theorem 2.9. Assume that there exist p S (1,2], a € (0,1) and an increasing 
slowly varying function I such that 


Ap,u(‘^^) A 


t(log(e + u)) 
log(e + 


For any symmetric probability measure p with a finite p-moment ^ \g\^h'ig) < 
00, we have 

Hf,{n) < C{p,p,ui) n°'uj{n) (2.7) 

for any increasing slowly varying function uj such that 
£(y“’’)“[log(e + y“'')]“(i+^) <a;(y) 


for some g > 1 and e > 0. Further 

L^{n) < C{p,p, uj) u[(3-p)+“(p-i)]/2^(„)p-i)/2^ (2.8) 

Remark 2.10. Assume that the group G satisfies ^G{n) > exp(—u'*') where 
7 € (0,1). By Lemma [231 we have A 2 ,g{v) < C'[log(e + and 

Ap,G(?^) < C'[log(e + u)]““G Up = , pe[l,2]. 

p{l - 7 ) 

If 7 S (0,1/2) then 2j /(1 — 7 ) < 2. For any p > 1 such that 27 /(1 — 7 ) < p < 2, 
we have Op = 27 /(p(l — 7 )) G (0,1). Under these hypotheses, for any symmetric 
measure p with hnite p-moment, Theorem 12.91 gives 

< GpU^^’’(log 

for any e > 0. In particular, the entropy of p is sublinear and the entropy 
criteria [m Theorem l.I] implies that bounded p-harmonic functions must be 
constant. 

Remark 2.11. The lamplighter group G = Z 2 satisfies ^^(n) — exp(—n^/^) 
(equivalently, Ag(u) ~ log(e -I- u)“^) and F[^{n) ~ n/logn. See [TUI lUl [T5]. 
This example is just beyond the limit of application of our result. Kotowski 
and Virag [16] describes a group G for which d)G(n) ^ exp{—n^^^'^°^^'i) and for 
which simple random walk has linearly growing entropy (the group has non¬ 
trivial bounded harmonic functions). 
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Remark 2.12. Theorem 12.91 is related to [131 Theorem 1.4] and [T31 Conjecture 
1.5] and some of the ingredients of the proof given below are similar to those 
used in m- The hypothesis (OD) appearing in [131 Theorem 1.4] plays no role 
in Theorem 12.91 

Proof. The proof of (|2.7I) uses the embedding of G into a Rp space introduced 
in [53] together with m Theorem 2.1]. 

For each fc, let (pk be a function supported in a set Uk of size 2^ and such 
that 

Ap,u(2^") =inf - f{xy)\Pu{y) : |support(/)| < 2'^\\\f\\p = 1 

I x,y 


is greater than 

1 Ex.y \Mx) - (l)k{xy)\Pu{y) 

4 J2x\Mx)\P 

Let Bp(G) be the Banach space of sequences (wfc)i° of elements of £p{G) such 

that J2k ll^fellp < oo equipped with the norm ||w||p = {J2k ■ 

Consider the embedding b of the group G into Bp(G) defined by 


Hg) 



4^k Xr{y')4>k 

£p{(pkV^p 



1 

(i + fc)i+«=’ 


where Tr{g)f : x i—>■ f{xg) is right translation by g and 


£pU) = ~ 


By construction, this is a 1-cocycle, more precisely, an element of Z^{G, r^, Bp(G)). 
Indeed, for each g £ G, b{g) belongs to Bp(G) because 

11 / - T-r{9)f\\p < \S\\9f'^\fixy) - f{x)\Pu{y) (2.9) 

x,y 


s-iid Sofc < oo. Set flfc = [Ui?7i] ^[U^Gi] and flo = 0- Note that for g ^ flk, 
the functions pk and Tr{g)4>k have disjoint supports and write 


I|6(5)II^ > 
> 


p 2ll</*fcllp . 

oo ^ 

y y A (22*=) 


( 2 . 10 ) 


By a well-known convexity argument, 

/ oo N 

Hp{n) < Ep y] log \ I lnfc\nfc_i (Sn) 
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By hypothesis, 


log(e + |rjfc+i|) ~ 2^= ~ log(e + 

Let F : [0,oo) —)> [0,oo) be a concave increasing function with i^(0) = 0 and 
such that 

at°‘uj{t) < F{t) < At°'uj{t) 

where oj is as in the statement of the theorem. As = (1 + one can 

check that 

< CF f ^ ^ 

Ap.u(22'')“ - VAp.u(22^)y 

from which it follows that (with a different constant C) 


Now, we have 

/ OO 

< CE, (c^,/A,,g(2^'')) 




< CF(e4||&(F„)||p)). 


where the second to last inequality is Jensen’s inequality applied to the concave 
function F. Finally, we appeal to [m Theorem 2.1] and (|2.9|) to conclude that 
(since 1 < p < 2) 


E^(||6(F„)||p < CpnE^(|&(Fi)|P) < C(p, F)n^ |x|V(x). 

X 

The statement in m is for simple random walk but the proof works for an ar¬ 
bitrary symmetric measure fi with finite p-moment. Note that p > 1 is essential 
here. This finishes the proof of the entropy bound (IQ) . 

We now explain how (12.81) follows from (1^ . The statement in m Corollary 
5.2(i)] gives the bound 

F^(n) < C\JnH^Jn) 

under the assumption that the symmetric probability measure p has finite sec¬ 
ond moment. This follows from two bounds 
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(a) \L^{n + 1) - L^{n)\ < CI3[n) ([HI Corollary 5.2(1)]), 


(b) j5{n) < C^H^(n + 1) — H^{n) ([121 Lemma 5.1(11)]) 
where 


/3(n) = sup < ^ > ■ 


ses 


gGG 


The hypothesis that fi has second moment enters (a) but Is not necessary for (b). 
If we replace the hypothesis that ^ has finite second moment by the hypothesis 
that /X as finite weak-p-moment W{pp,^) < oo for some p € (1,2], an easy 
modification of the proof of (a) given In [12] gives 

(a’) \Lp{n + l)-Lp{n)\<Cl3in)P-\ 

Set 0 = {p— l)/2 G (0,1/2] and write 

Win) = 


< 


E 




1-0 


< Cn^-^Hp{ny = 

This shows that 1)2.81) follows from (lO) . 


E/30f 


□ 


2.4 Comparison of with Ap u 

By definition, we let Ap^c be the ^-equivalence class of Ap^^ when (/ Is a fixed 
symmetric measure with finite generating support on G. Note that Ap^q, does 
not depend on the choice of (/>. We refer to this case as the classical case. 

This subsection is devoted to a simple yet very useful result that provides 
upper bounds for Ap ^, p > 1 in terms of Apyj and basic information on the 
probability measure </. We can represent Apyj by Ap u where u is the uniform 
measure on the fixed generating finite symmetric set S*. 

For any increasing continuous function p : [0,oo) —>■ [l,oo), set 

MpAt) = 

Note that we always have 

Mp,p{t) < pp{t). 

Further, when p is regularly varying of index a € [0,oo), we have Mp^p ~ p if 
a € [0,p) and Mp^p(t) ~ t*’ if a > p. In the case a = p, explicit computations 
are necessary. For instance, when p{t) = (1 -f ty, Mp^p{t) ~ 1 -|- log(l -I- t). 

The following theorem will be used to obtain good lower bounds on $G,p, in 
particular, when p is a slowly growing function. 
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Theorem 2.13. Let (j) be a symmetric probability measure satisfying the weak 
moment condition 


= sup{s(/)({a; : p{\x\) > s})} < K. 


s>0 


Then for any z; > 0 and p G [1^ oo), we have 


Ap, 0 (z;) < C{p, p)K inf i 


In particular 


Ap,0(z;) < 


s>o{p{s) Mp^p{s) 

C{p,p,\S*\,K) 


A/p.p(Ap,u(n)-i/p)- 


Proof. Recall that 

Ap, 0 (n) = inf I ^ ^ \f{xy) - f{x)\P(j){y) : |support(/)| < v, 


= 1 


For any function /, write 

'^\f{xy)-fix)\P(l)iy) = ^ ^ |/(x?/) -/(a;)|^’(/>(y) 

x,y X |y|<s 

X |y|>s 

Making use of the well-known (pseudo-Poincare) inequality ([7]) 

yy€G, \f{xy) - f{x)\P < |5'*||?/|J’^ |/(a: 0 ) - f{x)\Pu{z) 

X x,z 

the first right-hand term is bounded by 

\s*\ I Y X -/(a::)ru(y). 

\|y|<s / X,y 

Further, 


X \y\’'^(y') = p X + ^(j){{x : \x\ > k}) 

|y|<S 0<k<s 

^ <r{p,p)KsP/Mp^p{s). 

0<k<s ’ 

To bound the second term on the right-hand side of ()2.12p . we let 

</>s(2/) = (</>({2; : |a^l > s}))"V(2/)l{M>4(y) 

and write 

OK 

X X ~ ^ '■ |2^I > ■s})^</i'(/>/) < -pril/lli 

- |y|>« > 

The desired inequality follows (with an adjusted constant C(p,p)). □ 
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2.5 Subordination 


This section introduces notation and results regarding the notion of subordina¬ 
tion. We will use this notion in several important ways. For more background 
and further references to the literature, see HIS]. 

Recall that a Bernstein function is a function / : (0, oo) —>■ R such that 

f{s)=a + bs+ ( (1 — (2-13) 

J (OjCxd) 

where a,b > 0 and z/ is a measure satisfying dv(dt) + v{dt) < oo. 

The measure z/ is called the Levy measure of /. See m for details. For our 
purpose, it suffices to consider the case a = b = 0. The most classic example of 
Bernstein function is s i—>■ s“, a G (0,1), which has v{dt) = aT{a—\)~"^t~"^~°‘dt. 
A complete Bernstein function is a function / of the form 

poo 

f{s) = / e~*''g{t)dt 

Jo 

where g is a Bernstein function. These are Bernstein functions and they are 
also called operator monotone functions. See [27l Chapter 6]. 

Given a Bernstein function /, and a reversible Markov generator A, we can 
always form the operator /(A) which is also the generator of a reversible Markov 
semigroup t > 0. In the case of interest to us here, A is the operator 

of right-convolution by (5e — (/> on a group G where (/> is a symmetric probability 
measure which is (minus) the generator of the continuous time semigroup = 
Hf = ■ * hf with hf defined at (12.11) . Similarly, assuming /(O) = a = 0 and 
/(I) = 1, we have 

/(A) = • * {Se - (t>f) 

with 

OO 

(t>f = ^c(/,n)(/)(”^ 

1 

where the coefficients c{f,n) are given by the Taylor series 1 — /(I — x) = 
Si° c(/, n)x'^ at X ^ 0. Equivalently and more explicitly (see [2]), 

poo poo 

c(/, 1) = &-|- / te~^v{dt), c{f,n)= / t"'e“V(dt), n > 1. (2.14) 

Jo Jo 

Obviously, the continuous time semigroup is also the semigroup of right- 

convolution by hf^. Further, because of the representation of / using the mea¬ 
sure V (see the definition of Bernstein function), assuming that a = 0, we have 

f{A)=bA+ [ {I-e-^^)v{dt). 

J (0,oo) 

The following elegant result gives a sharp inequality for the Nash profile of /(A), 
that is, in our setting, the Nash profile of c^/. 
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Theorem 2.14 ([551 Theorem 1]). Let f be a Bernstein function with /(O) = 0, 
/(I) = 1, and Levy measure v. Referring to the above setting and notation, for 
any symmetric probability measure (j) on G, the Nash profile satisfies 

\/v > 0, Af<pf{v) < 


fil/m^v))- 

Further, for any function u such that ||m||i/||u||| < v, 


£p,f{u,u) 




> 


\u\\l 2Afp,{2v) Jo 


v{s, oo)ds. 


(2.15) 


The second statement is obtained in the proof of the first inequality provided 
in [55]. By Lemma [2.11 the Nash profile inequality stated above translates into 
the L^-isoperimetric profile inequality 


f{K^{iv)/2) < 2A^,(u). 


(2.16) 


2.6 Extremal profile under a moment condition 

In this subsection, we focus on the L^-profile and on symmetric 

probability measures (j) with a finite weak moment W{p, (f) relative to a natural 
class of slowly varying functions p. We show that, in this context, the upper 
bound of Theorem 12.131 is sharp for any (amenable) group G. To make this 
important result precise we need the following notation. 

Consider the set of all continuous increasing functions p : [0,oo) —>■ [l,oo) 
such that 

ds 


m (I 


-1 


{l + sY{s)J 

where £ is a continuous increasing regularly varying function £ : [ 0 , c») —>■ [ 1 , oo) 
of index a > 0 and such that < c». Under the condition a € 

[ 0 , 1 ), m Theorems 2.5-2. 6 ] shows that p{t) x l/'(/i(l/t) where ip is a, complete 
Bernstein function satisfying i/;(0) = 0,V'(1) = 1 and i/)(s) ^ c for 

some c > 0. Further, 1 — ip{l — x) = c{ip, n)x^ with 0 > dip, n) ^ 

Now, referring to (12.171) . assume that a = 0 and that the slowly varying 
function £ satisfies £(t“) ~ £(t) for any a > 0. Proposition 4.2 and Remark 4.4 
of |2] show that, on any group G, the symmetric probability measure 


u,/, = 


OO 

E 

1 


c{ip, n)u^"’^ 


obtained by ^-subordination of u (recall that u is uniform on the fixed gener¬ 
ating set S* of G) satisfies 


W{p, u^) ~ sup < /o(n) V 

n>l „ 


1 


fc£(fc) 


< -boo. 


That is, U .0 has finite weak p-moment. 
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Theorem 2.15. Let G he a finitely generated amenable group. Let p : [0,c») — >■ 
[l,c») he of the type (12.171) with i slowly varying and satisfying i{t°‘) ~ i{t) 
for all a > 0. Let tp be the associated complete Bernstein function described 
above. There are constants c = c{G,\S*\, p),C = C'(G', [S'* |, p) G (0, oo) such 
that W{p,Ujp) < G < and 

^(T7a;:R)- p(1/A„(z;))- 

Further, for any symmetric probability measure (p with W{p, 4>) < K 

. . N CK 

p(l/Au(w)) 


In particular, the extremal profile Ag,p satisfies 

^G,p{v) - ■ 

p{1/Ag{v)) 

Proof. Since the upper bounds are given by Theorem lower on Au^. This follows 
easily from (12.161) . that is, from Lemma lOl and Theorem l2.14l fi.e.. [28l Theorem 
1 ]). □ 


Remark 2.16. Theorem 12.151 can be interpreted as an “almost positive” answer 
to Problem ll.bf 11 in the case where p is of the type (12.171) with I slowly varying 
and satisfying ~ I{t) for all a > 0 (e.g., p{t) = [1 + log(l + 1 )]“, a > 0 ). 
Indeed, Theorem 12.151 savs that Ag determines Ac.p for such p and this result 
can be transferred to ^g,p to the extend that Theorems 12.2112.31 give tight 
relations between the A’s and the $’s. See the next section for more explicit 
statements. 


Remark 2.17. On Z or Z^, if 'iljp{s) = s^, /3 G (0,1), Pa(s) = (1 + s)“, a > 0, 
then W{pa,up^^^) < oo since, in fact, up^(x) x (1 + However, on a 

general amenable group G, it is not true that IT(pq,, < oo. Indeed, the 

optimal moment condition one should expect from is a weak pp.y-moment 
were 7 G [1/2,1] is the displacement exponent of simple random walk on G. See 
[ 2 ] for details. Because of this, it is an open question whether Ag determines 
^G,pa OL G (0, 2) and, in fact, the authors believe the answer to this open 
question is likely to be negative. 


3 Lower bounds on 

Together, Lemma 12.51 and Theorem 12.131 provide an excellent way to obtain 
lower bounds on convolution powers of measures with a given moment condition, 
that is, on the group invariants $G.p, ‘^G.p of Definitions 1 1. HfTT^ This method 
is simpler than that of [3] and applies much more generally (the techniques 
developed in [3] provides additional inside and complementary results when 
they apply). 
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Lemma 3.1 (See, e.g., [51 Prosition 2.3]). Referring to notation there 

are constants C,c G (0,oo) such that for any symmetric probability measure p 
on G, any finite subset U C G, and any n = 1, 2,..., we have 




\U\ 


(3.1) 


Proof. Inspection indicate that A^(C/) is the lowest eigenvalue of the continuous 
time semigroup 


h: 


u,n 



where = yL{x ^y)lu{x)lu{y)■ Let l\’^{x,y) be the kernel of this 

semigroup, that is. 


fit 

fh’^{x,y) = e-*J2—^uA^^y)- 


By elementary spectral theory, 

e-txAU) = sup{||ijy /||2 : support(/) C C/, \\fh = !}• 
Note also that h^'^{x,y) < hf{x,y) for all x,y gU. Now, we have 
> K{e) and K{e) = sup{\\H^^,f\\l : ||/||i = 1}. 


It follows that (see [51 Proposition 2.3]), for any finite set U and / supported in 

U, 


hf{e) > 


Hu2^f\\l 1 WKnfW 




> 


i/2 ■ 


\u\ ll/ll 


Taking the supremum of all / ^ 0 with support in U, we obtain that there 
are constants c.G G (0,oo) such that for any finite set U C G and any n, 


Theorem 3.2. Let G be a finitely generated group equipped with a finite sym¬ 
metric generating set and the associated word-length. Let p : [0,oo) —>■ [I,oo) he 
an non-decreasing continuous function and set M(t) = t^ j f Let p be a 

symmetric probability measure on G satisfying the weak moment condition 


W{p,p) = sup{s/i({a; : p(|a;|) > s})} < K. 

s>0 


• Assume that Acix) ~ v (equivalently, ^ain) — n Then 




1 

(M-i(n))^ 


where M ^ is the inverse function of M. 
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• Let TT : [0,c») —>• [l,oo) be an non-decreasing function such that 7r(i) < ct 
for some c and assume that 


> exp(—n/7r(n)). 


Then, there exist a,A£ (0,oo) such that for any integers k,n we have 


> exp 




^ 


Proof. The first case follows straightforwardly from Lemma 13.11 Theorem 12.131 
and elementary computations. It is useful to note here that the first stated 
estimate is not sharp when p is a slowly varying function. In this particular 
context (polynomial volume growth and p slowly varying), the second stated 
result provides a sharp estimate. See the Corollary 13.31 Many of the results 
provided by this first case are already covered in [SHHHi] by different methods 
but the case when p is regularly varying of index 2 is new. 

In the second case, referring to Lemma 12.51 applied to the measure u, i.e., 
the uniform measure of the generating set S, for any natural integer fc, let U be 
a set of volume ~ to exp(Afc7r(fc)). By Lemma [2.51 we then have 

Au(exp(^fc/7r(/c)) < 

By Theorem 12. 131 this gives 


A^(exp(Afc/7r(A;)) < 


cdpAs*\) 

M{an(ky/'^) 


for some constant a > 0. Putting these estimates together yields 


> exp 



M(a7r(fc)i/^)) ) 


for some A' G (0, oo). □ 

The following corollaries of Theorem [T2] illustrate the wide applicability and 
the sharpness of the results this Theorem provides. To state these results, let us 
consider the set of all continuous increasing functions p : [0,oo) —>■ [l,oo) sat¬ 
isfying (12.1711 . that is, such that p{t) ~ ^where £ is a regularly 
varying function i : [0,oo) —>■ [l,oo) of index a > 0 with < oo. 

Under this hypothesis the function p is regularly varying (at infinity) of index 
a G [0, oo) and the probability measure 


OO 

dig) = 

1 


1 
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and satisfies 


is well defined because 

W{p,(l)e) = sup{s</)f({g : p(|g|) > s})} 

s>0 

< C'sup|p(4'=) / -^j<+oo. 

k L Jik si{s) j 

This makes a potential witness for the behavior of ^g,p- 

Corollary 3.3. Let G be a finitely generated group with polynomial volume 
growth of degree D. Let p he as w 12. 171) and set M{t) =t^ j fg 

1. Assume that a > 0. In this case 

$G.p(n) ~ l/(M-i(n))^. 

2. Assume that p is slowly varying and satisfies 

p o exp(u) ~ 

with 7 S (0,oo), K slowly varying at infinity and K(t“) ~ aft) for any 
a > 0. Then ^ 

$G,p(n) ~ exp (^-[n/. 

3. Assume that the function k = p o exp is slowly varying and satisfies 
SK~^{s) ~ k“^(s) at infinity. Then 

^G,p{n) ^ exp (-n/K(n)). 

Proof. For statement 1, the lower bound follows obviously from the first state¬ 
ment in Theorem 13.21 The upper bound is provided by |221 theorem 1.5]. 

The proofs of the last two statements are similar and we give the details 
only for statement (2). By the second statement in Theorem 13.21 we have 

<?^’G.p(f^) > exp {-A (log k + n/p{k))) 

because the hypotheses on p implies in particular that p{k/\ogk) ~ pik). Pick 
k as a, function of n so that logfcp(fc) ~ n. We then have (()G,p(n) > exp(—Ct) 
with t = \ogk with tp o exp(t) ~ n, that is, ~ n. Because of the 

assumed property of k, this yields 

t ~ [n/K(t)y /~ {n/K{n))'^/ 

The matching upper bound can be derived from [251 Theorem 2.4] of by using 
the subordination results of [5]. 

□ 
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Example 3.1. To illustrate case 1, consider the case when p{s) = (1 + s)^. 
Corollary 13.31 states implies that on a group with polynomial volume growth 
of degree D, any symmetric measure p with finite second weak-moment sat¬ 
isfies > [nlogn] This was not known and could not be proved 

by the techniques of ([5]). In [^, the authors prove that the measure 4>2{x) = 

(i+|3;°)2+r) (which has finite second weak-moment) satisfies (^ 2 ™^ (s) — [n\ogn]~^f'^. 

Hence, (/)2 provides a witness to the behavior of $g. 2 - 

The simplest illustration of case 2 is when p{s) = (1 -f log(l -|- s))“. In this 
case, the result reads 

$G,iog“,(n) - exp(-n^/(^+“). 

This was derived by a different method in |25) . 

The last case, case 3, is illustrated by taking p to be the power of an iterated 
logarithm, p{s) = [logj^j(s)]“, fc > 2, a > 0, in which case we obtain 

$G,iog°, in) ~ exp (-n/[log[fc_i] . 

This result was also derived by a different method in [25] , 

Corollary 3.4. Assume that G is a finitely generated group with exponential 
volume growth and such that ^cin) — exp(— Let p be as in (I2.17p . 

1. Assume that p is regularly varying of index 2. In this case 

2. Assume that pis) = (1 -I- s)“, a S (0, 2), Then 

$G,p(ri)) exp . 

3. Assume that p is slowly varying and satisfies p(s“) — pis) for any a > 0. 

Then ^ 

^G,pin) ^ expi-n/pin)). 

Proof. Each lower bound follows easily from Theorem 13.21 In cases 2 and 3, 
the upper bound can be obtained by the simple method of [3J Section 4.2]. In 
case 3, the upper bound can also be obtain by the subordination technique of 

EJ. □ 

Remark 3.5. We note that [3] contains a complete proof of both the upper and 
lower bound for case 2 but that it completely fails to cover the lower bound 
in cases I and 3. These lower bounds (cases I and 3) are new. Proving a 
matching upper bound in case I under the same hypotheses is an interesting 
open question. It is proved below that the lower bound in case I is sharp in the 
case of the lamplighter group Z 2 1 Z. A matching upper bound for polycyclic 
groups of exponential growth will be given elsewhere. 
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Corollary 3.6. Assume that G is a finitely generated group and that there exist 
0 < 7i < 72 < 1 such that 


exp(—^ exp(— 

Let p he as in 12.171) and assume that p is slowly varying function satisfying 
p{t°‘) ~ p{t) for any a > 0. Then 

5g,p(»^) - exp(-n//9(n)). 

Example 3.2. For any group in the large class described in Corollary 13.61 we 
have 

$G.iog“,(ri) exp(-n/[log[fc] n]“) 
for each /c = 1, 2,... and a > 0. 

Proof. The lower bounds follows from Theorem 13.21 by inspection. The upper 
bound follows from the subordination technique in 0 . □ 

The same proof gives the following complementary result. 

Corollary 3.7. Assume that G is a finitely generated group and that there 
exist continuous positive increasing functions of slow variation tti < 7r2 such 
that '!Ti(t°') ~ T^iit) for all a > 0 and 

exp(—n/7ri(n)) < <f>G(u) < exp(—n/7r2(n)). 

Let p be as in 12.171) and assume that p is slowly varying function satisfying 
p{t°-) ~ p{t) for any a > 0. Then 


exp(-n//9(7ri(n))) < ^G,p{n) < exp(-n/p(7r2(n))). 


Example 3.3. Let ,. be the free solvable group of solvable length d on r 
generators. The behavior of $Sd ^ i® described in [23]. In particular, for d > 2, 


- exp 





For p as in (I2.17|) . slowly varying and satisfying p[t°‘) ~ p[t) for all a > 0, we 
have 

- exp (-?^/p(log[d-2] : d > 2, r > 1. 

Example 3.4. Consider the iterated wreath products (the factor Z is repeated 
k times) 

IFfc(Z,Z'^) =Z;(Z;(...Z;(Z;Z'^)...)) 

and 

Z^) = (...((ZlZ)l...)iZ)l z^. 
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From [5], we know that 


^Wfc(z.z<J)(»T-) - exp 



/ log[fc]^ 

ylog[fc_i]ny 


and 

^W/'=(Z.Z■^)(?^) exp (^_„(fe+d)/(2+fe+d) . 

If p at (I2.17P is slowly varying and satisfies p(t“) — p{t) for all a > 0, Corollaries 
I3.6H3.7I give 

®iy,(z,z<i),p(n) exp (^-n/p{log[k_^ n)^ 

and 

^iv''(z,Z'i),p(’^) - exp(-n/p(n)). 

4 Random walks on wreath products 

This section is devoted to the computations of the behavior of a variety random 
walks on wreath products. 

First we briefly review the definition of wreath products. Our notation 
follows m and [5S]. Let H, K be two hnitely generated groups. Denote the 
identity element of K by ck and identity element of H by en- Let Kh denote 
the direct sum: 

Kh=Y, Kh- 

h&H 

The elements of Kh are functions f : H ^ K, h f{h) = kh, which have finite 
support in the sense that {h G H : f{h) = kh ^ Ck} is finite. Multiplication 
on Kh is simply coordinate-wise multiplication. The identity element of Kh is 
the constant function bk : h ck which, abusing notation, we denote by Ck- 
The group H acts on Kh by left translation: 

Ti{h)f{h') = f{h-^h'), h,h'GH. 

The wreath product K I H is dehned to be semidirect product 


KlH = Kh xir H, 

{f,h){f,h') = {f-Tl{h)f,hh'). 

In the lamplighter interpretation of wreath products, H corresponds to the base 
on which the lamplighter lives and K corresponds to the lamp. We embed K 
and H naturally in K I H via the injective homomorphisms 

k = {keH,eH), keHien) = k, kesih) = Ck H h ch 
h = {eK,h). 
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Let jiH and hk be probability measures on H and K respectively. Through 
the embedding, fin and fj,K can be viewed as probability measures on K I H. 
Consider the measure 

V = UK * ^J■H * UK 

on K I H. This is called the switch-walk-switch measure on K I H with switch- 
measure UK and walk-measure hh- 

We can also consider the measure (again, on K I H) 

We will mostly work with this type of measure which is better adapted to the 
techniques developed below. We note that it is obvious that 

Conversely, if ^J^K■,^^H are symmetric and ijlk(gk) > 0, we also have 

— C (////,• 

So, for symmetric measures with iJ-K{e-) > 0, we have ~ Ap,^ on 

KlH. 

4.1 Upper bounds for A on wreath products 

We describe a general upper bound on Ap^H^iHi,^, in terms of i = 

1.2 when /i = ^(/xi + ^J, 2 )■ Throughout this work, A“^^ denotes the right- 
continuous inverse of the non-decreasing function v i—>■ Ap^H,p,(v)- 

Theorem 4.1. Let /ii he a symmetric probability measures on Hi, i = 1,2. The 
measure fi = ^{pi + P 2 ) defined on H 2 I Hi satisfies 

ApM2)Hi,p.{v) < s 


for all s,v > 0 such that 


‘■p.-H’i iMi 


(«) 




where 


Ap.k,,x,(s) = : ^p,Hi,miv) < «}■ 


Proof. For each s and z = 1, 2, let Vi be the smallest v such that Ap^Hi.fn {v) < s. 
Let fii be a test function on Hi such that | support < Vi and 

£p,Pi{.4>i) _ . / N 


11^. 


i\\p 
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Let Ui be the support of (j)i ■ Let W be the set of functions rj : Hi ^ H 2 whose 
support is contained in C/i (i.e., r](y) is equal to the identity element in H 2 when 
y ^ Ui). On H 2 I Hi, consider the function 


H2IH1 B {'q,x) ^ = j (j)2{v{y))\ (j)i{x)lw{v)- 

\veUi J 

This function is supported on a set of size 

\W\\Ui\<v^^^vi 

and its ^^’-norm on H 2 I Hi is given by 


Next we have 

4>{{'q,x){e,z)) - 4>{{'q,x)) = (t>{{r],xz)) - 4>{{'q,x)) 


n '^2(?7(y))) {4>i{xz) - (j)i{x))lw{'n) 


KveUi 




and 


Hiv, a;)(ir: ei)) - ^((?7, x)) = a;)) - (j>{{y, x)) 


n Mviy)) iMvix)t) - (j)2{vix))(t>i{x)iw{v)- 

yeUi\{x} / 


This gives 


C ^ £p,/i2{4’2) \ II , ||p|C/i| II / IIP 

This is the desired result. 


□ 


4.2 Lower bounds on A on wreath products 

In [HJin], Erschler developed a method to bound the Fplner functions of the 
wreath product H 2 I Hi from below in terms of the Fplner functions of Hi and 
H 2 . This can be expressed as lower bounds on Ai H 21 H 1 and yields good lower 
bounds on A 2 M 21 Hi via the Cheeger inequality (12.21) . We generalize this in 
order to study spread-out measures on wreath product. Frschler j9l Theorem 
1], which we recall below in a less general form, provides good lower bound for 
Ai.H 2 >Hi,fj, but, for spread-out measures, the Cheeger inequality might fail to 
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provide good lower bound on We combine comparison arguments 

with the results of Erschler to provide a widely applicable method to obtain 
satisfactory lower bounds on A 2 .h 21 Hi,)j.- 
Define the Fplner function Fplc^^ by 

F0l(t) = inf{u : ^ 1/0- 

Note that F0\c,fj, = ^ in the notation of Theorem 14.11 In the context of 

random walks on groups, [Q] Theorem 1] can be stated as follows. 

Theorem 4.2 ([^ Theorem 1]). There exists a constant K > 1 such that for 
any countable groups Hi and symmetric probability measures fXi, i = 1,2, the 
measure p, = + P 2 ) defined on H 2 I Hi satisfies 


AiM 2 >Hi,tJ.{v) > s/K 


for all s,v > 0 such that 


V < 






is)/K 


Consider the following problem. On a finitely generated group G, given a 
volume V, find a symmetric probability measure fG,v such that „(v) ~ 1. 

For instance, on any group G, if we let r{v) be the smallest radius of a ball of 
volume greater than v, the uniform probability measure Ur( 2 i,) on the ball of 
radius r{2v) satisfies 

Ai,g,u,.(2„) ^ 1/2. 

For our purpose we will need to consider the following question. Fix a 
symmetric probability measure p and fix t > 0. Given a solution C,g,v to the 
previous problem, what is the largest volume v{t) such that 


t£G,n. > £G,CG..(tr 

Solution to this problem can be obtained by using pseudo-Poincare inequalities 
involving £G,ii- For example, if ^ = u is the uniform measure on our generating 
set S* , we have the pseudo-Poincare inequality 

- f(.x)\^ < |5'*||2/pfG.u(/,/)- 

X 

It follows that for a given t we can choose v{t) ~ Vg('\//) to achieve 


t£G,u > • 

The following proposition is based on this circle of ideas and is stated in a form 
that is suitable to treat iterated wreath products. See Theorems 14.51 and 15.11 
below. 
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Proposition 4.3. Let fj,i be a symmetric probability measures on Hi, z = 1,2. 
Fix 5 > 0. Assume that for each t > 0 we can find vf{t) > 0 and symmetric 
probability measures on Hi, i = 1,2, such that 

and [vl ft)) > 6. (4.1) 

Then, for the measure p. = ^{pi + P 2 ) on G = H 2 I Hi and any t > 0, we have 
t£G,v. > ^^G,c„(t) and Ai_G,c„(t) («(i)) >S/K 
where 1 1 —>■ v{t) and the probability measure on G are given by 

v{t) = and C(t) = ^(Ci.^J(t) + C 2 .^|(t))- 

In particular, 

Ao.„(.(i)) > ) (4) . 

Proof. The hypotheses on £Hi,)j.i immediately imply that t£o,ii > ^G,c„(t)- 
lower bound on Ai^g.Cuco ^^r the given volume v{t) follows from Erschler’s result 
stated in Theorem 14.21 □ 

This proposition will allow us to treat a great variety of examples. To illus¬ 
trate how this proposition work we treat two simple examples. 

Example 4.1. On Z, consider the measure pa given by 

Pa{z) = Ca(l -f |z|)“““^ 

What is the behavior of if ^ = 5(^01 + 1 ^ 02 ) on Z I Z where Pa^ is 

supported on the base and pa 2 on the lamp above the identity of the base? 

As noted in the Appendix section, on Z and for any r > 0 we have 

£ur < Car°‘£i,c and Ai,z_u,(?’) > 1 / 2 . 

In other words, for any t > 0 and Vi{t) ~ we have 

and Ayz^u„.(t)(wi(t)) > 1 / 2 . 

By Proposition 14.31 on G = Z ? Z, 

t£G,iL > £G,c.it) and Ki^G,c„o){'a{i)) > ^ 

where ^ 

v{t) ~ exp(t^/“ logt) and C,G,v{t) = + ^ 2 ( 4 ))- 

It follows that 

A2,z;z,//(ex logt)) > 1/t, 
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equivalently 


^2,ZiZ,fj.{v) > 

By Theorem 12.21 this gives 


/ log log t 


V logt 

1 Qj 

(e) < exp(—ni+“i (logn) ^+“i). 


Theorem 14.11 provides a matching lower bound (see also [H]). 

It is instructive to see what happens in this example if one applies directly 
Erschler Fplner function results and Cheeger’s inequality to obtain lower bound 
on A 2 and an upper bound on (e). By Theorem IA.71 we know that at least 
for a 7 ^ 1 


( V ^ if a € (1, 

\ v~°‘ if a G ( 0 , 1 ) 


Bv l4.21 if 0 < ai 7 ^ 1, this implies (the value of a 2 G (0, 2) does not matter) 




log log V 
log V 

log log V \ 
log j; ) 


if ai G (1,2) 
if ai G (0,1). 


In fact, these lower bounds admit matching upper bounds. Now, a lower bound 
on A 2 ,ziz,/i can be derived since A 2 ,ziz,/i ^ ^iziZ/i- However this produces a 
lower bound that is significantly weaker than the one obtained above using 
Proposition 14.31 


Example 4.2. Consider the wreath product G = HlX where H is a polycyclic 
group of exponential volume growth. On this group, we consider the measure 
fi = ^{(j) + u) where </> is the measure on Z given by (j){z) = c(l + | 2 |)“^ and 
u is the uniform measure on a finite symmetric generating set in H contain¬ 
ing the identity. Recall that ^nin) — exp(— A 2 ^h{v) ~ (log(e -b v))~'^ 
and Ai^h{v) — (log(e-b 11 ))“^. Further, Ai_ 77 _u,.( 2 „)(^^) > 1/2 and r{v) ~ logr; 
since the volume function on H has exponential growth. Also, by the univer¬ 
sal pseudo-Poincare inequality for finitely supported symmetric measure and 
associated word-length, we have 


Cr{2vf£H.UH > ^H,u, 


Next, note that the measure ^ on Z sits in between the domains of attraction 
of symmetric stable law with parameter a G (0,2) and the classical Gaussian 
domain of attraction. It is well-known (and it follows from Theorems I2.21IA.7|) 
that 0 ^"^(O) ~ (nlogn)“^/^, A 2 , 2 . 0 ( 1 ') — (1 -br')“^log(e -b r') and Ai^z_ 0 (r;) ~ 
(1 -b f)”^. We also have — l/^- Further, we have the pseudo- 

Poincare inequality 


^ C!\yf(log{e + | 2 /|)) ^fz, 0 (/, /)• 
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Applying Proposition 14.31 with Hi = Z, fii = H 2 = H, ^2 = u, the above 
data leads to 

vi{t) ~ (tlogt)“^/^, V 2 {t) ~ exp(t^/2) 


and 

This gives 


v{t) ~ exp(t(logt)^/^). 

(log logn)^/^ 


A2 ,G,m(^) ^ 


logn 


For comparison, we note that Theorem 14.21 gives 




1 

(logi;)i/2- 


These two lower bounds can be complemented by matching upper bounds using 
Theorem 14.11 

It is worth noting that Proposition 14.31 admits a version that leads to good 
lower bound for the p-isoperimetric profile Ap on wreath products. The proof 
is the same. 


Proposition 4.4. Let fii be a symmetric probability measures on Hi, i = 1,2. 
Fix (5 > 0 and p € [1, 00 ). Assume that for each t > 0 we can find vf (t) > 0 and 
symmetric probability measures on Hi, i = 1,2, such that 




Then, for the measure p = \{pi + P 2 ) on G = H 2 I Hi and any t > 0, we have 


t£p,G,tJ. > £p,G,CvO) ^l,G,CvO)iT{i)) > S/K 

where 1 1—>■ v{t) and the probability measure on G are given by 

v(t) = and C(t) = ^(Ci.„f(t) + C2.«|(t))- 

We now state a theorem that uses the iterative nature of Proposition 14.31 
Consider a sequence {Hi)Y^ of finitely generated groups. Since taking wreath 
product is neither commutative nor associative, this sequence gives rise to many 
different iterated wreath product including Hm I {Hm-i l[- ■ ■ {H 2 I Hi) ■ ■ ■)) and 
(• • • [Hm I Hm-i) I ■ ■ ■ H 2 ) I Hi. Let IB be a symbol of length m describing a 
possible bracketing and W<s{Hm, ■ ■ ■, Hi) be the corresponding wreath product. 
This can be define inductively with (•) representing the bracketing of one single 
group, (;), representing the bracketing of groups (i.e. gives H 2 IH 1 ). Inductively, 
if IBi, $2 are such symbols, then 05 = ($2 I 05i) is also such a symbol and 


W<s[H^, ...Hi) = W<sAHm ,..., H^,+i) I IF®, {H^„..., Hi). 
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Note that the length of S is defined inductively as the sum of the length of 
!Bi, ®2 and length of (•) equal 1. We can now introduce a similar operation on 
sequences of numbers {vi,... ,Vm) by setting 

W(.)(u) = V, W^(.).)(u2,Wl) = 

and, if = (552 I ®i) as above, 

W<s{Vm, ...,Vl)= ■ ■ . , + l i . 


Here K is the constant provided by Erschler’s theorem, i.e., Theorem 14. 2 1 
Similarly, given probability measures fit on Hi, 1 < i < m, and 55 = (* 82 i®i) 
define /r® to be the probability measure on W<s{Hm, ■ ■ ■ ,Hi) define inductively 
by ^ 

fJ'<B = -^ + MBi) 

where /r ®2 is understood as a probability measure on W<s{Hm, ■ ■ ■, Hi) sup¬ 
ported on the copy of H ®2 (i?mj ■ • ■ j-ffmi-i-i) above the identity element of 
W<Si {Hmi , • ■ •, Hi) and /j ,®2 is a probability measure on H® {Hm, ■ ■ ■ ,Hi) sup¬ 
ported on W<s^{Hmn ■ ■ ■, Hi). For instance, given ^i,Hi, 1 < i < 3 and 
^ = {{■ l-)l {■)), /r® is a measure on {H 3 I H 2 ) I Hi and is equal to 



:{p3 + M 2 ) + Ml 


where ^(ms + M 2 ) is the measure on H 3 I H 2 considered in Theorem ?? and 
Proposition 14.31 In some instance, it is useful to write 


M® — 


(4.3) 


to specify the measures used in the construction. 


Theorem 4.5. Let fj,i be a symmetric probability measures on Hi, 1 < i < m. 
Fix (5 > 0 and p > 1. assume that for each t > 0 we can find vf (t) > 0 and 
symmetric probability measures fi^Vi on Hi, 1 < i < m, such that 




Fix a symbol 55 of length m as above. Then, for any t > 0, the measure pL = /i® 
on G = W<s{Hm,... ,Hi) satisfies 


t£p,G,n > Sppx.m ^i,G,C.(t)(^^(^)) > 
where 1 1 —>■ v{t) and the probability measure Cv{t) on G are given by 


v{t) = W<sivi,{t),... ,v^i{t)) andC„(^t) = 


(t) 


In particular. 


Ap,G./.(^^(^)) > 


c(l,p) 

t 



32 



Example 4.3. Let p = 2. Assume that Hi is a group of polynomial volume 
growth of degree di, 1 < i < 4. On Hi, consider the measure pi{h) x (1 + 
ai G (0,2), 1 < i < 4. The symbols ‘B of length four are Si = 
(((• ■), = ((• 1 (• 1 •)) ; •), ®3 = ((• •)), ®4 = (O ((• 1 •) 1 •)) and 

®5 = (• 1 (O (■ 1 •)))• Set V® = W<b{v 4 , ... ,vi). By inspection, we have 


and 


( di 0,2 03 \ / 02 \ 

^ ^logtj, ~ exp[ 2 ] logtj , 

msit) - exp[ 2 ] logt) , v<s^{t) ~ exp[ 2 ] logt^ , 

v<sAt) -exp[3] (t^logt) . 


This gives 




and 


1 (^) — ^ 

flog log logv\“^^‘^' 


I // ^2 I ^^3 \ 

( log log v\ “3 ^ 


\ log log V 

-^^034 ('^) — 


log 7 ; 


flog log logu\“^^‘^ 


log log V 

^1 I - 


2 // “1 _|_ “2 \ 

/log log log 
\ log log V 


^WiB^ ,M®5 (^) 


log log log log V \ 
log log log V J 


4.3 Comparison measures and applications 

The main theorems stated in the previous sections require that, for any sym¬ 
metric probability measure p, we exhibit a collection (■„, v > 0, of spread-out 
symmetric probability measures with the property that 


(4.5) 

for some fixed 5 G (0,1) and such that we can control in terms of v and £^. 
The following two theorems show that we can always produce such a collection 
of measures. 

The first of these two theorems apply to subordinated measures 4)f. Namely, 
given a Bernstein function with Levy measure v and t > 0, set 

vt{ds) = [i^{{t,oo))]~^l^t,oc)’^ids). 

That is, the measures vt, t > 0, are the normalized tail measures of v. Let 

c{t,f,n)=c{ft,n) (4.6) 
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be the coefficients associated by (12.141) with the Bernstein function 

Ms) = ( [ e~^iytidT)\ s + [ (1 - 

y^(0,cxD) J J{0,oo) 

Note that ft{0) = 0, /t(l) = 1. 

Theorem 4.6 (spread-out measures for subordinated measures). Let (j> be a 
symmetric probability measure on a countable group G with Nash profile 
Let f be a Bernstein function with Levy measure v and such that /(O) = 0, 
/(I) = 1. Then the measures Ql = 4>f^, t = J\fcj,{2v), v > 0, satisfy 

^ and > n {{Af^{2v),oo)) £^f. (4.7) 

Example 4.4. Assume that f{s) = bs + Jq ^^^(l — e~*‘‘)v{ds) is a complete 
Bernstein with v{ds) = g{s)ds, /(I) = 1 and /'(s) — b ^ sili/s) where 

£ is slowly varying at infinity and a G [0,1]. By [21 (2.13)], we have g{s) ^ 
1/ [r(l — a)s^+“£(s)] at infinity which implies i/((s,oo)) ^ Caf{l/s). This and 
Lemma [Q means that (HTl) is equivalent to the more explicit statement 

i and £^j > Caf{A^{8v)/2))£^f. 


Proof. Write /(s) = s -I- /(q oo)(l ~ ^ ^^)v{dt). First applies p.l5|) to ft- Since, 
by definition, (I = (j)f^ and irt{I) = 0 if the interval / is contained in {0,J\f^{2v)), 
for any function u with finite support, we have 


%(w,) > ^\\u\\l. 

That is A^f{v) > i. 

Next, write A = ■ * {Se — <p) (right-convolution by — </>) and 

£.j{u,u) = f Te~'"iyt{dT)£^{u,u) + f {{I - e~'^^)u,u)vt{dT) 
Jo J(O.oo) 


Since 


and 


nCO 

/ Te~^vt{dT) < 

Jo 


i^{{Af^{2v),oo)) Jo 


idr), 


j ((/-e "'^)u,u)vt{dT) < 

J CO.cxd) 


• (OjCxd) 

it follows that 


v{{J^^{2v),00)) 7(0,oo) 


f {{I — e '^^)u,u)v{dT) 

J ('O.oo') 


£Mu,u) < - -£^j{u,u). 

v{{N4,{2v),oo)) 


□ 
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Example 4.5. Consider the Bernstein function / q ( s ) = s“, a G (0,1]. In this 
case r'a(di) = construction above yields spread-out measures 

{C/“} such that 

A / A 1 

— 2 

and (using Lemma l2.1l for the last inequality) 

C ^ /o„Oa<7 

^4>fa — — ^a-^2,(l){8v) £q^. 

The next result apply to any symmetric probability measure (f). For any 
hxed a G (0,1) and t > 0, consider the Levy measure 

r'“(ds) = K(a,t)l(t^2t)(s)s~^~^ds, K(a,t) = a(l — 

and &“ = K(a,t) e~^u~°‘~^du. Denote by /“ the Bernstein function 

/r(s)=6 “s+/ (1-e—)r/r(du) 

J (0,cxo) 

and note that, by construction, /“(O) = 0, /“(I) = 1. The Bernstein function 
/“ is a localized version of the classical Bernstein function s i—>■ s“, a G (0,1). 
For the applications we have in mind, using any arbitrary fixed value of a G 0,1) 
in the following theorem will be adequate. 

Theorem 4.7 (spread-out measures for </)). Let (j) be a symmetric probability 
measure on a countable group G with -isoperimetric profile A^. Fix a G (0,1). 
Then the measures Cff = 4>f^, t — JV^{2v), v > 0, satisfy 

Ai,(;=(u) > A 2 ,^=(w) > i and > CaA^{8v)£Q^. (4.8) 

Proof. The proof of the first inequality in (14.81) is the same as in the case of 
(HTl) . For the Dirichlet form comparison, write again A = ■ * {Sg — (j)) and recall 
that t~^{{I — e~*^)u,u) is an increasing function of t with limit £(^{u,u). It 
follows that 

£(;^{u,u) = b^£ff,{u,u) + ( {[I - e~'"^)u,u)vf{dT) 

J (0,cxd) 

< ib?+[ Tiyf{dT)\£^{u,u). 

Since bf < e~* and Tvf{dT) = and t > 1, this gives 

^Cv — ^ctt£(ji' 

The desired result (with a different Ca) follows since, by Lemma [2.11 

t =Af^{2v) < 2/A^{8v). 


□ 
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Theorem 14.71 turns the statements of Section into very effective results by 
providing the needed hypotheses. In particular, Theorem ll.QI stated in the intro¬ 
duction follows immediately from Proposition 14.31 and Theorem 14.71 Similarly, 
the case p = 2 of Theorem 14.51 and Theorem 14.71 yields the following statement. 

Theorem 4.8. Let be a symmetric probability measures on Hi, 1 < i < m. 
Fix a symbol IB of length m as in Theorem 14.51 Then, for any v,s > 0, the 
measure /i = fj,<s on G = W<siHm, ■ • ■, Hi) satisfies 

^2 ,gA^) > for anyv< IT<8 (s),..., (s)). 

5 Spread-out random walks on wreath products 

This section provides a host of explicit examples where the behavior of random 
walks associated with spread-out measures on wreath products can be com¬ 
puted. In particular, we obtain a variety of sharp estimates for ^g,p when G is 
a wreath product (or an iterated wreath product) and p is a moment function. 

5.1 Groups where is controlled by volume growth 

We say that Aq is controlled by volume growth if Aq — where Wg{v) = 
inf{r : VgA > u}. It is always true that Ag(u) > (this follows from the 

L^-version of the argument in [7] , see the appendix for variations). Groups quasi¬ 
isometric to polycyclic groups satisfy Aq — and Tessera m Theorem 4] 
describes a large class of groups of exponential volume growth (Geometrically 
Elementary Solvable or GES groups) which satisfy Aq — In all these 

cases the volume growth function is of type Voir) ~ r‘^ or Vcir) ~ exp(r) 
and AG(r') ~ (equivalently $g(^) — or Ag(u) ~ (log(l -|- v))~^ 

(equivalently $g(u) ~ exp(—n^/^)), respectively. 

Theorem 5.1. Let {Hi), 1 < i < m be groups for which A^i — For 

each i, 1 < i < m, let fii{h) = q 4“’''u//A4^) with ai G (0,2). Referring 
to the notation of Theorem 14.51 fix a wreath product symbol *B of length m and 
consider the measure p® = vs&,p,rn,---,ui defined at (14.31) on the wreath product 
W<s{Hm, ■ ■ ■, Hi). Then the ci-class of A^^ can be computed and is described 
by Theorem 14.81 In particular, when m = 2 and p, = on H 2 I Hi, 

• 7/Ifyfj is exponential and H 2 non-trivial, /i^^"^(e) ~ exp(—n/[logn]“fy 

• If Vhi {r) — and Vr^ {t) — , 

p( 2 ")(e) ~ exp (^-n'^i/(“i+di)[iogn]“i/(“i+'^i)) . 

• IfVH,_{r) ~ r^^ and Vn^ir) ^ exp(r), 

^( 2 ii)(g) ^ gxp /^_j^(“i+“ 2 <il)/(ai+a 2 di+aia 2 )'j ^ 
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Let K he & finitely generated group which will be either finite, of polyno¬ 
mial volume growth or of exponential volume growth and such that $ic(n) ~ 
exp(—For instance, K could be any polycyclic group. Let iL be a group 
of polynomial volume growth. In any of these cases, ^kih is known (thanks to 
the results of [min]). In the first case [K finite) ^KiH{n) ~ exp(—In 
the second case, ^K,iH(n) ~ exp(—n'^/(^+‘^^(logn)^/(^+‘^^) and in the third case, 
^K,iH{n) ~ exp(—In particular, Corollary 13.61 applies to these 
groups and gives that for any slowly varying function p as in (12.171) such that 
p{t°-) ~ p{t) for each a > 0, we have 

^KiH,p{n) ~ exp(-n/p(n)). 

The following two theorems provide the behavior of ^kih,p for p{s) = 
Pa{s) = (1 -|- s)“, a G (0, 2) and for p{s) regularly varying of index 2. 

Theorem 5.2. Let H be a group of polynomial volume growth of degree d. 

1. If K {sif} is finite, we have 

^KiH,pSn) ~ exp . 

2. If K is not finite and has polynomial volume growth, we have 

^Km,pSn) ^ exp (log . 

3. If K has exponential growth and satisfies $_fs:(n) ~ exp(—n^/^), we have 

^Km,p^{n) ~ exp (^_„(rf+i)/(«+d+i)^ . 

Proof. The lower bounds are already derived in |3]. They also follow from 
Theorem l3.2l The upper bounds follow from Theorem ll.9l and known results on 
K, H. Consider for instance the case when K has exponential volume growth. 
To obtain an upper bound on ^k)H,pc j consider the measures 

OO 

PH.aih) X (1 -I- \h\)~°‘~^ on H and pK,a{k) ^4““^U4fc on K. 

1 

They satisfy W{pa, p,H,a) < oo and W{pa, PK,a) < oo and this immediately 
implies W{pa,p) < oo where p = \{pH,a + PK,a) is understood as a probability 
measure on K I H. By Theorems IA.2E771 h.2.K,pK,c{'^) — (log(e + ^))~“ and 
^2 .h,ph d'^) — Theorem 11.91 Lemma I^TT] and Theorem 12.21 give the 

desired result. □ 

Theorem 5.3. Let H be a group of polynomial volume growth of degree d. Let 
p be a regularly varying function of index 2 and setM{t) = s ^/Assume 

that 9{t) = /p satisfies 9{t°-) ~ 9{t) for each a > 0. 
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1. If K ^ {ck} is finite, we have 


‘^KiH,p{n) ~ exp 



^)) 


2. If K is not finite and has polynomial volume growth, we have 


^KiH,p{n) ^ exp 



3. If K satisfies $A-(n) > exp(— we have 


^KiH,pin) > exp ^n(logn)^/('^+^^ J 


((i+l)/((i+3)'^ 


Proof. The lower bounds follow from Theorem 13.21 The upper bounds follow 
from Proposition 14.31 Note that the upper bound is missing in the last case. 
We outline the upper-bound argument in case 2. Consider the measures 


MG.pO) 


1 


{l + \g\)^+di{l + \g\) 

ior G = H and G = K. By Proposition lA.41 we have 


r 

9{r)' 


^G.Ur fi: r p 


for G = H, K. This allows us to verify the hypotheses of Proposition 14.31 with 
Hi = H, H 2 = K, = Ur( 2 „,(t)), r{vi) ~ and v^{t) ~ {t0{t)y^/'^), 

where di = d and d 2 is the degree of polynomial volume growth of AT. In the 
notation of Proposition l4.31 this gives v{t) ~ exp([t0(t)]‘^/^ logt) which translates 
into 

(log log vfi^'^9{\og v) 


^K)H,p{v) 


> 


(logu)^/^ 

where the measure p. on K I H is given by /i = \{pH,p + IJ-K,p)- With this 
estimate in hand, Theorem l2. 21 gives < fi{n) where ip is given implicitly 

as a function of t by 


t = 



(logu)^/'^ 

[log(e -|- logu)]^/‘^d(logu) 


A somewhat tedious computation shows that this equality gives 


_ [log(l/V;)](^+^)/-^ 

[loglog(l/V')]2/‘^6<(log(l/V')) 
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or, equivalently, 


logil/^) . 

Note that the assumed property that 6 {t°‘) ~ 9{t) for a > 0 has been used re¬ 
peatedly in these computations. This gives the desired upper bound on (e) 
and thus on ^kih,p as well. □ 

Remark 5.4. In the third statement of Theorem l5.31 even if we assume in addi¬ 
tion that K has exponential volume growth (in which case (n) ~ exp(— 
we would still not be able to state a matching upper bound. The reason is that 
we do not have at our disposal the appropriate pseudo-Poincare inequality on 
K (in the case when K has polynomial volume growth, we used Proposition 
IA.4I1 . However, consider the special case when K = F l1 with F ^ {e} finite. 
This group has exponential volume growth and satisfies <i>x(u) ~ exp(— 
Further, Proposition ld. 31 applied with Fli = K, FI 2 = F provides us with a mea¬ 
sure fJ,K,p on K (and accompanying measures C,v) which is a good witness for 
^K,p and can be used to apply Proposition 14.31 with Hi = H,F[ 2 =K = FlZ 
Ml = 9 h,p as above and /i 2 = 9 K,p (the measure just obtained on K = F iZ). 
After elementary but tedious computations. Proposition 14.31 implies that the 
measure = ^(mi + M 2 ) on KI H = [F iZ) I H satisfies 

/ / pn 1 \(d+l)/{d+3) 

^(2n)(g) < gxp f — f n(logn)^/^‘^+^^ J 

This shows that 

/ / rn J \ (d+i)/id+3)\ 

- exp f - (^n(logn)^/(^+i) — j j . 

In particular, the lower bound stated in Theorem 15.31 is sharp in this case. We 
conjecture that it is also sharp when K is polycyclic of exponential volume 
growth. 

5.2 Anisotropic measures on nilpotent groups 

This section is concerned with special cases of the following problem raised and 
studied in |24]. Given a group G generated by a A:-tuple S = (si,..., Sk), study 
the behavior of the random walks driven by the measures 

1 mGZ ' I O 

where a = (ai,..., ak) & (0, 00 )^ and a = (X)z(l + In words, to 

take a step according to Ms,a, pick one of the k generators, say Si, uniformly 
at random. Independently, pick an integer m € Z according to the power law 
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giving probability Ci(l + \m\) ^ to m. Then multiply the present position 
(on the right) by 

It is of interest to investigate the behavior of and to understand 

how, given the generating fc-tuple S, this behavior depends on the choice of 
a = {ai,... ,ak)- Here we use the results of [24] and the technique of the 
present paper to prove the following result. 

We consider two groups H = Hi and K = i? 2 - The group H is assumed 
to be nilpotent generated by the S = (si,. .., Sp). On this nilpotent group, we 
considered the measures iJLH,s,a with a = (oi,... ,ap) € (0,2)^. The group K 
will be either finite or nilpotent. If it is finite, we let /j-k be the uniform measure 
on K. If K is nilpotent, generated by a given tuple T = (ti,, tg), we consider 
the measures ^K,T,b with h = (/3i,..., fig) S (0, 2)"?. 

Next we consider the wreath product G = K I H. When K is nilpotent, 
the generating sets S and T (for H and K, respectively) together produce a 
generating set E = (cti, ..., Ufe), k = p + q, oi KlH where cti, ..., Cp corresponds 
to Si... ,Sp and generates H inside K I H and the generators Up+i, ... Up+q 
correspond to ti... ,tg and generate the copy of K in K I H which seats at 
CH- Similarly, set c = ( 71 ,..., y^) with 'ji = ai,l < i < p and yi = /3i-p, 
i=p+l.,...,p + q = k. By elementary Dirichlet form comparison arguments, 
we know that the measures 

M + k-K,T,b) and fJ.K}H,S,c On G = K I H 

satisfy /i(^”^(e) ~ MscH®)- 

Theorem 5.5. Let H,S,p and a S (0,2)*^ be as above. Let d{a) be the real 
given by |24l Theorem 1.8] and such that p.^g\{e) ~ 

1. Assume that K ^ {e} is finite. Then the measure p = \{ps,a + Pk) on 
K I H satisfies 

/r(")(e) ~ exp (^_„d(a)/(l+d(a)) j ^ 

2. Assume that K is nilpotent (infinite) and T, q and b G (0,2)“? are as 
described above. Then, on G = K I H equipped with the generating set E 
define above, the measure pY.,c satisfies 

p^^lie) ~ exp (-n'^(“)/(i+'^(“))(logn)i/(i+'^(“») . 

Proof. This follows from Theorem |L9| because |24l Theorem 1.8] shows that the 
measures pi = pn.s.a and p 2 = PK,T,b satisfy p[’^\e) ~ n~'^' where di = d{a), 
d 2 = dfi) are the real described in [231 Theorem 1.8] (recall that these estimates 
are equivalent to A 2 ^p-(v) ~ □ 
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5.3 Local time functionals 

Let H he a. group equipped with a symmetric measure /i. Let £{x, n) be the num¬ 
ber of visits to X up to time n. More precisely, let (X^) denotes the trajectory 
of a random walk driven by /i on H and set 

l(n, x) = #{0 < k < n : Xk = x}. 


It is well-known that the behavior of the probability of return of the switch-walk- 
switch random walk on the lamplighter group (Z/2Z) I H is related to certain 
functionals of the local times {£{x^n))x^H- More precisely and more generally, 
let K he a finitely generated group (possibly finite). Let be a symmetric 
measure on K satisfying ^k{^k) > 0- Let q — ^ be the switch- 

walk-switch measure on KlH (see, e.g., [55] for details. With this notation, we 
have 

\xeH 


where and (Xn) refers to the random walk on H driven by fj,. 
Set 




so that, for any h € H, 




Assume next that, for each i? > 0 there is a set Uh C ofH and k > 1 such 
that 

\Ur\ < and ^jl^'^\h\Ur) < Cn'=(l + i?/n)“^/”. (5.2) 

We note that the second condition follows easily from the tail condition 

lJi{H\UR)<C{l + R)-^/- (5.3) 


when Ur = {h : N{h) > R} where N : H ^ [0, oo) satisfies N{hih 2 ) < 
N{hi) + N{h 2 )- Indeed, under such circumstances, we have 

{H \ Ur) < nti{H \ UR/r,) <Cn{l + R/n)-^^U 


Writing 




\heUR 


\heH\UR 

< |{7/{|9^^[”^^]^(e_R-;_f/)-I-\ {7fl) 
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shows that, under assumption (15.21) and assuming that q^'^\eK\H) — exp(—a;(n)) 
with uj(n) regularly varying of index in ( 0 , 1 ], we can conclude that 

(e" FK(i{n,x))\^ _ exp(-a;(n)) ( 5 . 4 ) 

as well. 

This technique and remarks, together with Theorems l5.21IS751 suffice to prove 
the following results. 

Corollary 5.6. Let H he a group of polynomial volume growth of degree d. Let 
fj,a{h) x (1 + a > 0. Let i?„ be the number of visited point up to time 

n. For any fixed k > 0, 

• If a > 2 then ~ exp(— 

• If a = 2 then E^^ (e“'^^") ~ exp(—(nlogn)'^/(^+‘^)). 

• If a G (0,2) then E^^ (e”'''^") ~ exp(— 

Remark 5.7. Note that the second case, a = 2, may be new even in the case 
when H = 'L. It gives the behavior of E(e“'^^”) for the walk on Z driven by the 
measure ijl 2 {z) = c(l + |^|)~^ for which there is no classical local limit theorem 
and to which the classical Donsker-Varadhan theorem does not apply. 

Corollary 5.8. Let H he a group of polynomial volume growth of degree d. Let 
Let Rn be the number of visited point up to time n. Consider the random walk 
driven by ns,a with a = (oi,..., Ofc) G (0, 2)^. Let d(a) be the real given by [Ml 
Theorem 1.8] and such that /r^^(e) ~ For any fixed k > 0, we have 

EMs,a(e"'‘^") - exp . 

Given a measure p, such as pia or ns,a on H, and fixed k > 0 and 7 G (0,1), 
we can determine the behavior of 

Indeed, it suffices consider the wreath product hlH with a measure f on h such 
that z/(^"’)(0) ~ exp(—n'>'). The choice ^{x) x (1 + |a::|)“^[l + log(l + jx])]"^/''' 
fulfills these requirements (see [M]!. 

Corollary 5.9. Let H be a group of polynomial volume growth of degree d. Fix 
K > 0 and 7 G (0,1) Let i{n,x) be the number of visits to x G H up to time 
n. Let na{h) x (1 + \h\)~°‘~‘^, a G (0, 2), or n = Fs,a with a = (oi,..., ak) G 
(0,2)^. In the second case, let d{a) be the real given by [241 Theorem 1.8] and 
such that n^sa(^) — and set ^ = d{a). We have 

E^(e“”^"~ exp . 

Remark 5.10. If nW (1 + \h\)~'^~‘^ or n = Fs,a with a = (2,..., 2), one gets 
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A Appendix: Radial power laws on groups 

In this appendix, we compute the L^-profiles for radial “power law” prob¬ 
ability measures on certain groups. 

A.l Norm-radial power laws 

Let G be a countable group. Let N : G ^ [0,oo) be such that N{e) = 0, 
N(x~^) = N{x) and N{xy) < C]^{N{x) + N{y)). Set 

lN(r) = |{a; € G : N{x) < r}|, B]\f(rn) = {x G G : N{x) < m} 

and I'm = For a > 0, set 

OO 

= c„ = (4“-l)/(4“-2). 

1 

It is obvious that 

Vr = 4'=, '^Ifixy) - f{x)\Pvr{y) - f{xy)\P<pa{y). (A.l) 

x,y x,y 

Let Wn be the inverse function of the modified volume function defined by 
2?Ar(r) = VAr(4'') if 4^ < r < 4^+^, i.e., WN^t) = inf{s : 2Jjv(s) > t}. Note that 
^ Vn. 

Proposition A.l. Referring to the setup introduced above, for any a > 0 and 
p G [1, oo), we have 

A ^ 1 

“ Cc8PWNi2Pv)^' 

Proof. The argument is well-known and is given here for convenience of the 
reader. See also [71 HO]. Consider a function / > 0 with |support(/)| < v. For 
any A > 0, write 

|{/ > All < |{|/ -f*i^r\> A/2}| + |{|/ * z..! > A/2}| 

and note that ||/ * i/^Hoo < Vjv(r)“i/P||/||p. 

Recall the notation /^ = (/ — 2'^)+ A 2^ and observe that ||/fc||p < 2^v^Ip. 
It follows that Wfk * Vr\\oc < 2^VN(r)~^^Pv^/P. Pick r so that Viv(r) > 2^0 and 
pick A = 2*. We have 

\{fk > 201 < III/ A/2}| < 

Recall that |{/ > 2^+^}| = |{/ > 2^}| and write 

WfVp < 8^’^2P('=-i)|{/>2'=+0| 

k 

< CaSPr^ (/O < (/) 
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where, for the last step, we have used ( 1 ^ . Given the choice of r as a function 
of V, this gives 

Ap,^Jv) > c-^8-PWjv(2Pv)-^ 

which is the desired inequality. □ 

In the case when N = | • j^r is the word-length associated with a finite 
symmetric generating set S, write W for the inverse function of the volume 
growth V = Vs- Proposition |A]T] gives 

Ap, 0 . > W-“, p> 1 , a > 0 .. 

However, these inequalities compete with those deduced in a similar way from 
Vr>0, \\f - fr\\Pp<C{p,S,a)rP^\f{x)-f{xy)\P(j)c{y). (A.2) 

This inequality is an immediate consequence of the well-known pseudo-Poincae 
inequality 

Vr > 0, \\f - frVp < C{p,S) rP'^lfix) - f{xy)\Pu{y) 

which follows from the definition of the word length and a simple telescoping 
sum argument. See, e.g., [a [ 20 ]. 

It follows that we have 

>/W-“ ifaG( 0 ,p] 

~ \ W-P if a > p. 

In fact, because of the Dirichlet form comparison ~ which holds for 
a > 2 (see, e.g., [21]), we must have ~ Aq for a> 2. Similarly, for a > p, 
we have 

V/, “ fix)\P(l>aiy) - “ fix)\Pu{y) 

x,y x,y 

and thus Ap^^^ ~ Ap^c- In the case p = 1 , this implies that ~ Jg for all 
a > 1. This discussion is captured in the following result. 

Theorem A.2. Let G be a finitely generated group equipped with a finite sym¬ 
metric generating set and associated word-length. Set (pa = 4“^“u4fc where 

Uj. is the uniform measure on the ball of radius r in G. Let W be the inverse 
function of the volume growth function of G. 

• For 1 <p < a < oo, Ap^^^ ~ Ap^c- 

• For a G (0,p), we always have >V““ < Ap^^^ < A^^q. 

• If for a given p G [l,oo) we have Ap^a — then 

VaG(0,p), 
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Note that the case a = p is excluded from this statement. Note also that 
the wreath product construction provides many examples of groups for which 
Ap,G 9^ W-P. 

Proof. The case when a > p is explained above as well as the lower bounds 
when a G (0,p]. The upper bound for a G (0,p) follows from Theorem l2.13l □ 

Example A.l. Polycyclic groups satisfy Ap^c ~ }V~p for each p G [1, oo). The 
lower bound follows from the argument of [7] as explained above. The upper 
bound is best derived from the existence of adapted Fplner couples, a technique 
developed and explained in [i]. Other groups for which Ap^c — include the 
Baumslag solitar groups BS(l,m) = {a, b : aba~^ = 5"*) and the lamplighter 
groups FlZ with F hnite. Remain Tessera m Theorem 4] describes a large class 
of groups of exponential volume growth (Geometrically Elementary Solvable or 
GES groups) which satisfy Ap^c — Note that what Tessera denotes by 

jp,G is l/Apfc- 

Remark A.3. Recall the two sided Gheeger inequality (12.41) . i.e., 
c{p, <l)^p,l < < C'(P> 9)Ap.<^, 1 < p < 9 < oo. 

Let G be a group such that Ap^ ~ p > 1 and fix a G (0, oo). By Theorem 
IA.21 if p G [l,a), Ap, 0 ^ ~ W~P but if p > a, Ap,^^ ~ >V““. In particular, if 
p, 9 > a, then Ap^^^ ~ ^q,<pc if Pj 9 G then A^Jq ~ Ap^c- In the 

case l<p<Q!<9<oo, neither of the two sides of the Gheeger inequality is 
optimal. 

A.2 Word-length power laws on group with polynomial 
volume growth 

We now focus on the case when N{x) = |a;|s is the word-length of x with respect 
to a finite symmetric generating set S' on a group of polynomial volume growth. 
Dropping the reference to the set S, we set V{r) = |{a; : \x\ < r}| and assume 
that V (r) ~ r^, i.e., we assume that the group G has polynomial volume growth 
of degree D. In this case, we can use a more refined version of the measure 4>a 
by setting 

OO OO 

(fa = Ca'^k~°'~^Uk, C~^ 

1 1 

It is easy to use an Abel summation argument to check that 
Va; G G, (j)a{x) X {I+ \x\)~°'~^. 

(the same holds true for the measure c'^ 4“'^^U4fc). 

Proposition A.4. Let G be a group with polynomial volume growth. Then, for 
each p > 1 and r > s > 1, we have 

< G(G,p)(r/s)P ^ \f{.xy) - f{x)\Pusiy). 

x,y x.,y 


45 






Proof. For any 1 < s < sq, this follows from the usual Dirichlet argument using 
paths. So, we can assume s > 3 and let s' be the largest integer smaller than 
s/3. For any y G G, write y = yoyi ■ ■ - Vk with j/o = e, | 2 /i| < s', 1 < i < k, and 
k < 9|j/|/s. For any finite supported function/, ^i,... ,£,k-i G G and \y\ < r, 
we have 

k 

\f{xy) - f{x)\P < 9(r/sf \f{zo ...Zi)- f{xzo ■ ■ ■ Zi-i)\P 

1 

where Zi = with = Cfe = e. Summing over x G G gives 

X lx 

We now average this inequality over 

{fo,fi,---,f.k-i,ik) G {e} X B(s') X ••• X B(s') X {e} 

This gives 


XI ^ I ^(s') ^Y X f{x)Y 

X |{|<s' 


fc -1 


+^(s') ^XX X ^y^O-f(.x)Y 

i=2 X ^X&B{s') 

+i'"(s')”^X X Ifi^C^yk) - f{xW 

^ ICI<s' 


Obviously, we have 


X X Ifi^yiO-fixW~ 

X |^|<s' X,z 


and 


X X ^yk)- f{x)\p <v{s)Y\fixz)- f(^Wys{z). 

X |^|<s' X,z 

Similarly, we have 

X X - f{xW < v{s) X X 

a: 5,CeB(s') CeS(s') 

< 'F(s)F(s')X l/(a;^) -/(a;)rw(^)- 

X,Z 

Since k < 9(r/s), putting these inequalities together yields 

X - 9V(s)/^(s')](?’/sf X “ f(.x)\Pu,{z). 

X X 

Averaging over y G B{r) gives the desired inequality. □ 
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Corollary A.5. On group with polynomial volume growth, for p > 1 and a > 0 
there exists a constant C{G,p,a) such that 

11/ - / * u^llp < C{G,p, a)Qp^a{r) ^ \f{xy) - f{x)\P(j)a{z) 

X,Z 


where 


Qp,a (r) 


rP if Oi> p, 

rP/ log(e + r) if a = p 
r“ if a < p. 


Proof. Only the case a = p needs a proof. This case follows immediately from 
the previous proposition and the definition of (fa- d 


Remark A.6. Fix a continuous increasing function i such that i{2t) < G£{t) 
and f°° < oo. Let ^ be a symmetric probability measure on the group G 

(which we assume to have polynomial volume growth of degree d) and such that 


1 

^ k£(k)^^' 

Proposition IA.4I immediately gives, 

fu. < G(G,p,£)rP ^ds^ 

This covers the different cases of Corollary I A. 51 When £ is slowly varying, this 
estimate is often not sharp and a sharp version is provided in [25] . 

Theorem A.7. On a group with polynomial volume growth of degree D and for 
any 1 < p < oo, we have 


( V P^^ if a > p, 

(^') — S v~P^^ \og{e + v) ifa=p, 

[ if 0 < a < p, 

Proof. The lower bounds on follow easily from the previous corollary and 

the argument in [7] as explained in the previous section. The upper bounds on 
^P,(l>c follows from Theorem l2.13l For instance, in the case a = 1, Theoren l2.13l 
gives 

^ (log(e + s))Ai,g(u) + -. 

This is optimized by the choice s = 1/Ai_g(u) and we know that Ai_G('f^) — 
Hence log(e + u). □ 
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